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DEFINITION OF NIGGLI'S LATTICE 
CHARACTERS 
P. M. DE WOLFF 
Lab. v. Tcchnische Fysica, Lorcntzweg 1, Postbus 5046, 2600 GA Delft, Netherlands 
Alma'aet--The "lattice characters" have been introduced by Nig$1i, but so far there does not exist an exact 
general definition. Niggli's own definition defines only 40 characters out of the 44 now in use. The 
additional 4 characters arc shown to require a further criterion, viz. the type of the reduced cell. 
1. INTRODUCTION 
Lattices of crystals can be classified according to different principles, In the order of increasing 
differentiation we have three classifications: 
Bravais systems 
Two lattices belong to the same Bravais system if they have the same point group. Since seven 
point groups of lattices (holohedries) exist, there are seven such systems. 
Bravais types 
Two lattices belong to the same Bravais type if for any given primitive basis in one of them a 
primitive basis in the other exists such that their holohedries, when expressed with respect to these 
bases, consist of identical matrices. (Obviously they then have also to belong to the same Bravais 
system.) This criterion distinguishes "centering modes" and thereby leads to the well-known 14 
Bravais types. 
Lattice characters 
This is a concept introduced by Niggli [1]. Further elaboration by Buerger [2] led to a list of 
44 characters, which was published in full by Mighell et al. [3]. The latter authors added numbers 
1 . . .  44 according to the sequence in Buerger's list. 
Regarded as a concept (rather than a list of explicit criteria for each of the 44 characters) the 
lattice character so far has not been defined as clearly as the Bravais types and systems. The 
definition given in Ref. [1] which will be called "Niggli's criterion" (Section 2) is formulated in a 
rather complex manner. Moreover, as shown below it can distinguish only 40 classes. 
Since the 44 characters in Buerger's list are now widely applied [4] we think that there is some 
need for a complete definition in a form which can be readily applied and understood. 
2. NIGGLI 'S CRITERION 
This criterion refers to the "reduced form" of a lattice, that is, the set of parameters 
A - -a .a ,  B=b.b ,  C=c.c ,  ) 
D - -b 'c ,  E=c .a ,  F - -a .b ,  f (1) 
where a, b and c are lattice vectors forming the "reduced basis". This basis is defined in such a 
way that the set (1) is unique for any given lattice [5], cf. also the Appendix. The criterion for 
two lattices to have the same lattice character, according to Ref. [1], is "that the necessary relations 
between the six constants A . . .  F are identical" ("Niggli's criterion"). 
From the context in Ref. [1] it appears that "necessary relations" are equations in A . . .  F 
imposed by the symmetry of the lattice, that is, by its point group. Therefore Niggli's criterion is 
equivalent to the following requirement: "that their holohedries, when expressed with respect o 
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Table 1. Number of Bravais types and of lattice characters in the seven Bravais systems 
Necessary Bravais Lattice 
Bravais system Parameters relations types characters 
Cubic I 5 3 3 
Hexagonal 2 4 I 2 
Tetragonal 2 4 2 6 
Rhombohedral 2 4 I 4 
Orthorhombic 3 3 4 I 1 
Monoclinic 4 2 2 16 
Triclinic 6 0 1 2 
14 44 
their reduced bases, consist of identical matrices". This form of Niggli's criterion, when compared 
to the definition of Bravais types in Section 1, expresses clearly that it is a narrowing of the latter 
concept because as an extra it brings in the metrical conditions defining the reduced basis (which 
is always primitive). 
Perhaps the essence of Niggli's condition is expressed more clearly by saying that lattices have 
equal characters when conventional lattice bases (that is, bases controlled by symmetry directions) 
can be found in each for which the reduced basis vectors have identical coordinates. Replacing "the 
reduced" by "suitable primitive" yields an alternative definition of Bravais types, again showing 
the characters to be narrower. However conventional bases are not sharply defined, so the above 
unambiguous "matrix formulation" of Niggli's criterion is to be preferred. It is illustrated for the 
two-dimensional case by Fig. 2 of the Appendix. 
The number of "necessary equations" is equal to 6 minus the number p of independent lattice 
parameters. The latter is of course known for the conventional description of lattice types; both 
p and b-p are listed for the 7 systems in Table 1. 
Also listed is the number of Bravais types in each system. This shows that differentiation of 
lattices by these types is best for the higher symmetries, declining to just a single type for the least 
symmetric (triclinic) system. Since the number of parameters behaves in the opposite manner, 
Bravais types fall very short of containing mutually comparable ranges of all mathematically 
possible lattices. 
The 44 lattice charcters constitute a much narrower classification. Moreover in Table 1 their 
distribution over the systems is seen to yield a less biased spread than the Bravais types. 
However, the Niggli criterion distinguishes not 44 but only 40 classes. This is easily seen by 
consulting the list in Refs [3] or [5]. For instance, the two rhombohedral characters numbers 2 and 
4 have exactly the same 4 necessary equations, A = B = C and D = E = F. There are three more 
such pairs with identical equations, viz. the monoclinic pairs numbers 10 and 14, as well as 20 and 
25; and the two triclinic characters numbers 31 and 44 (no equations at all). 
The present author has no intention to plead for a return to Niggli's criterion as the sole 
condition, resulting in a 10% reduction in the number of classes, from 44 to 40. In particular such 
a step would eliminate the valuable differentiation gained by splitting triclinic lattices in two 
characters. 
Rather we shall in what follows try to establish ow the 44 characters can be justified by a 
suitable definition, and how they arose from Niggli's paper [1]. 
3. DEFINITION OF THE 44 CHARACTERS 
Clearly a single criterion, such as Niggli's is not sufficient for a complete definition. However 
just one additional criterion suffices, because in the above 4 pairs of characters not separated by 
Niggli's criterion the same difference xists between members' of a pair: for one member the reduced 
cell is of type I (it has one pair of opposite corners with all three adjoining angles acute), for the 
other it is of type II (at least one pair of corners with non-acute angles). 
So we obtain two criteria for two lattices to have the same character: 
--Niggli's criterion (Section 2) 
--Their reduced cells should be either both of type I, or both of type II ("cell type 
criterion"). 
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Simultaneous fulfilment of both these criteria is a sufficient and necessary condition for an arbitrary 
pair of lattices to have the same character. Hence they constitute a complete definition of the lattice 
characters. 
An alternative definition has been given in Ref. [5]. It also consists of two criteria for two lattices 
to have equal character: but here they refer to a continuous deformation of one lattice into the 
other, requiring that a deformation path should exist such that: 
(a) the Bravais type remains the same everywhere; 
(b) the constants A . . .  F in (1) change continuously throughout. 
Neither (a) nor (b) is equivalent to Niggli's or to the cell-type criterion. Together they define the 
44 characters all right, but they lack a simple interpretation and they do not seem to be easily 
applicable ither. 
4. NIGGLI AND THE CELL-TYPE CRITERION 
In his paper [1], Niggli presented figures of 41 lattices, with the reduced basis vectors clearly 
shown. Although not quite complete, this set of figures is an invaluable, and perhaps so far 
underestimated--help in understanding lattice characters both generally and in detail. 
Why did he miss 3 of the 44 characters? Niggli has nowhere alluded to the cell-type as a criterion, 
so one would expect him to have missed all 4 characters produced by it in excess of 40. Actually 
he missed only two characters in this way: for each of the two monoclinic pairs (Section 2) there 
is only one picture (Fig. 1). But he very explicitly portrayed and mentioned the two characters 
numbers 2 and 4 of the rhomhohedral pair (Fig. 2). The two triclinic characters are also shown 
in full, although the text here does not make clear whether or not Niggli considered them as 
different characters. It looks as if the cell-type criterion has occurred to him as an afterthought, 
and he may not have realized that its admission causes the two monoclinic pairs to be split as well. 
The third character missed by Niggh is again caused by omission of a splitting--this time 
however one originating from his own criterion. It is the distinction between umbers 6 and 7 
(Fig. 3). These two tI-lattice characters, eparated by the cI lattice,t have entire similar sets of three 
l I 
Neca$ory 
rekatlont B • C A • B 
E=F" D=E 
Type Z and 'rr Z and ~n" 
Fig. 1. The two monocfinic pairs of characters which are separated only by the cell-type criterion. The 
drawings are reproduced from Ref. [1], where Niggli always uses e, fand  g for the reduced basis vector(s) 
of the shortest, the next shortest and the next-but-one shortest lengths. Here the figures apply to 
type-II-cells, where the two equal vectors e, (character numbers 14 and 25) or f, make a non-acute angle. 
If this angle is acute, the corresponding reduced basis vectors are opposite to those shown here and the 
cell is of type I, but the corresponding characters (numbers 10 and 20) are not mentioned in Ref. [1]. 
tThe symbols used here for Bravais types of lattices and nets are those recently accepted by the International Union of 
Crystallography, used also in Ref. [5]. 
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rr 
Fig. 2. The lattice characters in h R lattices, cf. also legend of Fig. 1. A separation arises because the cell 
type depends on whether the equal vectors e make acute angles (type I) or non-acute angles (type II). So 
this separation is fully recognized in Ref. [1] although the cell type is not mentioned as a criterion. 
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Neceuory relations 
A,B .C  
E.F  
D+2F ' 'A  
{Ca') 
A.B .C  
D .E  
2D~F 'A  
Fig. 3. NiBgli's figure for the t I lattices. (cf. legend of Fig. 1). The vector e pointing downwards makes 
equal ~mgles with the other two vectors e, but the angle between the latter two can be larger or smaller. 
Because of the ensuing difference in axis labels ease D reprtsents two characters (present numbers 6 and 
7), both with type II reduced cells. This splitting, overlooked by Niuli,  therefore is unrelat~l to the 
cell-type criterion. 
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reduced basis vectors of equal engths. Two angles are also equal, and the subtle difference is that 
the third angle is larger in number 7, but smaller in number 6. This causes a different labelling, 
cf. the labelling prescriptions in the Appendix. However all three angles remain obtuse throughout, 
so there is no relation to the cell-type criterion. 
Even Buerger [2], though listing all 44 characters by full application of the cell-type criterion, 
seems to have hesitated here. The characters now numbered 6 and 7 are specified together, with 
the mention "two cases". They are separated only by Mighell et al. [3] and in all subsequent 
literature. 
The order of the numbers 1-44 stems from the sequence in Ref. [2] which was meant to lead 
to the correct classification: the first character for which the description fits that of a given lattice 
was assumed to apply to that lattice. In later work [5] it was found that some interchanges were 
needed in order to obtained rigorously correct results by this rule. Hence the resulting table (listing 
the original numbers) does not have the characters in the order of these numbers. 
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APPENDIX  
The Reduced Basis 
The conditions defining the reduced basis are cited in Ref. [5]. Since they form a rather grim set of conditional inequalities, 
we try to present hem here in a less explicit but perhaps more understandable manner: 
--The chief condition is that the basis consist of three lattice vectors of the shortest possible length, of 
course not all in one plane. Gruber [6] gives the elegant--and exact--form "a + b + c -- minimal" for 
this condition. There is only one such set of three shortest lengths. For unit cells spanned by vectors 
of these three lengths Gruber coined the term "Buerger cells". There can be two or more (up to five) 
non-congruent Buerger cells [6]; Fig. A. 1 shows one of the most striking examples. A Buerger cell is 
always primitive. 
Fig. A.I. Example of occurrence of more than one Buerger cell. A face-centered cubic lattice (cF) projected 
along (11 I). One layer perpendicular to (111) is drawn with the triangular net shown. Points in the upper 
and lower neighbouring nets are indicated "+"  and " - " .  The obvious Buerger cell is the one spanned 
by a, b and c; this is also the reduced cell. However the vectors a, b and c' also span a Buerger cell, not 
congruent to the first. Even its type (II) differs from that of the first. 
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Bmvis type ( tp )  o¢ (hp) o¢ 
Necessary relation a .a  = b.b o .b  = o .a /2  
Fig. A.2. Two two-dimensional l ttices, both with the orthogonal centered (oc) Bravais type, but differing 
in character. This follows from the reduced basis vectors a, b--which in the plane are the shortest two 
lattice vectors---shown asheavy lines. Both the necessary relations and the matrices for a point group 
element (Cx) with respect to the reduced basis are shown to be different, hereby illustrating the two forms 
of Niggli's criterion. 
- -The basis for a given Buerger cell (that is, the labelling of its edges) is normalized as follows (1) 
a ~< b ~ c; (2) if two edges are equal, their prescribed alphabetic order is that of increasing departure 
from 90 ° of the corresponding angles; (3) the three angles are all acute, or all non-acute; (4) the basis 
is right-handed (which does not concern us here). 
--Finally, there is a set of conditions applying to those cases in which a Buerger cell is not unique, as 
in Fig. A.I. This can happen when a face of the cell has a diagonal and an edge of equal lengths 
(conditions 3 c, d, e and 5 c, d, e in Ref. [5]), and also when the shortest body diagonal is equal in 
length to an edge (condition 5f). For a given lattice, the relevant conditions are always fulfilled by 
just one Buerger cell: the reduced cell, spanned by the reduced basis vectors. 
The occurrence of non-unique Buerger cells is the reason why the 44 lattice characters cannot be defined with respect 
to the simple concept of Buerger cells but must involve the reduced cell instead. No such complication occurs in 
two-dimensional l ttices. Moreover for these, only one Bravais type corresponds to more than one character, viz. the 
orthogoual centered Bravais type oc. The two characters which it contains, called "elongated" and "compressed" in Ref. 
[5], are shown in Fig. A.2. 
Strictly speaking a "mesh type" could be defined for a "Buerger mesh" in the plane, and a "mesh type criterion" would 
lead to two characters for the oblique Bravais type mp als well. In contrast to the spatial situation however, each net of 
one Buerger-mesh type would be congruent to (namely, the mirror image of) a net of the other type; so the distinction 
would be rather artificial. 
